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ABSTRACT
To collect information about teachers concerning mathematical knowledge for teaching and find
out what needs to be considered in developing a curriculum to teach it, the current study surveyed
137 secondary teachers and interviewed thirteen of them in Korea. The survey and interviews used
the assessment of mathematical knowledge for teaching about algebra I, which was developed as
part of the Measures of Effective Teaching project. The correct response rate of Korean teachers
was very high, but there were some differences found in the areas of algebraic reasoning.
Furthermore, mathematical analysis is important in assessing students’ algebraic reasoning, and
each teacher’s typical teaching method is formidable in evaluating students’ reasoning. Implication
is discussed for the improvement of teachers’ mathematical knowledge for teaching algebra.
Key Words: Mathematical knowledge for teaching, Mathematical reasoning, The Measures of Effective
Teaching project, Algebra, South Korea

INTRODUCTION
It has been reported that Korean mathematics
teachers’ level of mathematics knowledge is higher than
that of some other countries’ teachers (Blömeke &
Paine, 2008; Schmidt et al., 2008). This high level of
mathematics knowledge might guarantee that teachers
do not offer mathematically incorrect facts to students
and have enough knowledge to find correct solutions. It
does not, however, address teachers’ pedagogical
approaches to teaching mathematics in secondary
school. Moreover, little research has investigated how
Korean secondary teachers teach mathematics and what
mathematical knowledge for teaching they have.
Mathematical knowledge for teaching (MKT) is “the
mathematical knowledge used to execute the work of
teaching mathematics” (Hill, Rowan, & Ball, 2005,
p.373), and this knowledge is crucial to the
improvement of teaching mathematics (National
Mathematics Advisory Panel, 2008). Like other East
Asian countries, the great importance attached to the

college entrance examination leads to research and
popular interests in secondary mathematics education
focusing on students’ higher scores more than a focus
on the work of teaching performed in instruction or the
quality of instruction.
Teaching mathematics is an intellectual activity which
requires a variety of interactions between teacher and
students in the mathematics classroom and entails
professional knowledge and reasoning to invite students
into the process of knowing mathematics (Ball, Thames,
& Phelps, 2008). The perspective of teaching as
consisting of interactions among human beings
emphasizes helping students act as critical thinkers,
developing their reasoning, and collectively working with
their classmates in the mathematics classroom (Cohen,
2011). Such interactions are initiated and developed by
the “work of teaching,” such as interpreting students'
reasoning, judging and correcting textbook treatments of
particular topics, using representations accurately in the
classroom, and providing students with examples of
mathematical concepts, algorithms, or proofs (Hill et al.,
2005). However, research on MKT is insufficient in
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South Korea, in terms of exploring such topics as what
teachers think about MKT, what MKT teachers have or
do not have, and how MKT is learned with reliable
surveys. This absence of research on MKT in South
Korea has not created a research climate to focus on
professional development regarding MKT.
The current study aims to examine features of
Korean teachers’ MKT, particularly about students’
algebraic reasoning and to get some sense about how to
approach professional development to offer better
instruction to improve students’ algebraic reasoning. By
using the assessment of MKT for algebra as part of the
Measures of Effective Teaching (MET) project (Phelps,
Weren, Croft & Gitomer, 2014), the current study
surveyed teachers about their MKT and conducted
interviews in order to identify what decisions and
actions teachers make in situations related to students’
algebraic reasoning. The following question frames the
research: What features do Korean teachers have about
students’ reasoning in algebra with regards to MKT?
This question was investigated by two ways. First,
based on 137 Korean teachers’ responses to MET
assessment, rates of correct responses were calculated
and then analyzed by F-tests and the Pearson correlation.
Second, based on interviews with thirteen Korean
teachers’ responses to the MET assessment, the features
of teachers’ responses were reported.

BACKGROUND
1. Mathematical Knowledge for Teaching
MKT is the mathematical knowledge needed to
perform the work of teaching (Ball et al., 2008). MKT
has been identified as significant in teaching
mathematics (Lewis & Blunk, 2012; Hill, Umland,
Litke, & Kapitula, 2012) and in student achievement
(Rockoff, Jacob, Kane, & Staiger, 2011). Based on
Shulman (1986), Ball et al. (2008) specified three
subdomains within pedagogical content knowledge
(knowledge of content and students, knowledge of
content and teaching, and knowledge of content and
curriculum) and three subdomains within subject matter
knowledge (horizon content knowledge, common
content knowledge, and specialized content knowledge).
Although these separate subdomains can be used for
analysis, they are inevitably intertwined, continuous and
spontaneous in the instructional practices (Koellner et
al., 2007; Kim, 2016). Routines that teachers perform in
teaching mathematics are based on all the features of
their knowledge and reasoning that they have
accumulated or learned throughout classroom
2020, Special Issue

instruction. Such performance includes presenting
mathematical ideas, finding an example to make a
specific mathematical point, appraising and adapting the
mathematical content of textbooks, modifying tasks to
be either easier or harder, giving or evaluating
mathematical explanations, and asking productive
mathematical questions (Ball et al., 2008).
To assess teachers' MKT, the Learning Mathematics
for Teaching project (LMT) developed assessments in
order to link teacher performance on the LMT measures
to K-8 student performance on the standardized
achievement test. They found that teachers’ scores were
significant predictors of students’ scores (Hill et al.,
2005). The LMT assessments have been studied in
Ghana, Indonesia, Norway and Ireland as well, through
validation studies that explore the utility of MKT
measures developed in the U.S. (Cole, 2012; Delaney et
al., 2008; Mosvold & Fauskanger, 2009; Ng, 2009).
Delaney and his colleagues (2008) adapted the MKT
measures for use in Ireland. They found that some Irish
teachers were unsure of the meaning of certain terms
and suggested changes related to the general cultural
context for adaptation. Mosvold and Fauskanger (2009)
found that distinct changes were needed in the
translation from American English into Norwegian
because some concepts in the former are not present in
the Norwegian curriculum. They claimed that such
changes could make the assessments more accessible to
Norwegian teachers. Ng (2012) also found some
contextual issues in Indonesia and differences in
instructional practices and representations. Cole (2012)
indicated issues such as the cultural incongruence of the
item contexts between U.S. and Ghana.
In a similar work at the secondary level to develop
assessments and assess secondary teachers’ knowledge,
McCrory and her colleagues (2012) developed a
framework about the knowledge for teaching algebra.
This framework includes the three domains of
knowledge, that is, school algebra (knowing what
teachers will teach), advanced mathematical knowledge
(knowing more advanced mathematics that is relevant
to what they will teach), and teaching knowledge
(knowing mathematics that is particularly relevant for
teaching). The framework also involves the other three
categories of practices,: trimming (making mathematics
accessible to students while retaining the integrity of the
mathematical ideas); bridging (providing students with
the big picture of mathematics); and decompressing
(investigating the concepts of mathematics for teaching).
The framework consists of the combination of the
categories of knowledge and practices of teaching, and,
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thus, assessment items can be specifically written for
each combination. McCrory et al (2012) emphasized a
framework that lays out the major areas of mathematical
knowledge for teaching algebra in order to develop
measurements as well as investigate the relationship
among teachers’ knowledge, teachers’ practice and
students’ learning. They claimed that such empirical
support would be foundational for secondary school
mathematics teacher preparation.
The MET project aimed to build and test measures
of effective teaching to determine how evaluation
methods could best be used to tell teachers more
about the skills that make them most effective and to
help districts identify and develop great teaching. As
part of the MET project, three sets of assessments
(Grades 4-5, Grades 6-8, and algebra) of MKT were
developed in order to measure the types of
mathematics knowledge used in teaching practice
and then investigate a teacher’s impact on student
achievement (Phelps et al., 2014). The assessment
design framework for this project concentrates on the
content practices that teachers encounter in the range
of settings and roles that define their work. The MET
assessment measures the knowledge and reasoning
embedded in teaching by using contexts which are
legitimate and pertinent because “the tasks of
teaching attempt to capture how teachers actually
work with content in their day-to-day and momentto-moment practice (Phelps et al., 2014, p. 8).” The
current study uses the assessment for algebra I as a
way to gather information about secondary teachers
concerning MKT.

2. Teachers’ Knowledge of Algebraic Reasoning
Algebra is a traditional content area in school
mathematics that continues to be important today. It
underlies teaching from kindergarten through 12th
grades in Principles and Standards for School
Mathematics (National Council of Teachers of
Mathematics, 2000). Algebra is considered a
gatekeeper subject for students' subsequent education
and employment (e.g., Cai & Knuth, 2011; Izsák,
Çağlayan, & Olive, 2009; Moses & Cobb, 2001). For
such an important subject, teachers’ conceptions and
misconceptions about specific areas within algebra,
mainly functions (e.g., Even, 1993; Hitt, 1994;
Norman, 1992; Chinnappan & Thomas, 2001), slope
(e.g., Stump, 2001), and covariance (e.g., Sherin,
2002), have been investigated.
Research has reported what algebra secondary
teachers know and do not know. Tirosh, Even and
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Robinson (1998) investigated inservice teachers’
understanding of students’ conceptions and
misconceptions about expressions, such as 3x+4 to
get either 7x or 7. The two preservice teachers were
unaware of this tendency, but the two experienced
teachers were aware of it, and planned their lessons
accordingly. Asquith, Stephens, Knuth & Alibali
(2007) found that inservice teachers were good at
predicting students’ understanding of a variable as
being an unknown number or having multiple values,
although these teachers rarely predicted students’
understanding of the equal sign, and rarely identified
students’ misconceptions about variable and the
equal sign. Based on the surveys of and interviews
with algebra teachers about the advantages and
disadvantages of instruction that includes a focus on
multiple strategies, Lynch and Star (2014) found that
some secondary teachers do not recognize multiple
strategies in instruction as a critical window to
capture what misconceptions students might hold or
as a useful or appropriate method to enable students
to progress from intuitive to formal strategies.
Postelnicu (2011) found that inservice teachers did
not identify students’ difficulties with slope and the
Cartesian connection.
In further studies of preservice teachers, Huang
and Kulm (2012) reported preservice teachers’ lack
of knowledge about the concept of function regarding
school mathematics, teaching mathematics, and
advanced mathematics. Specifically, the study
illustrated teachers’ weaknesses in representational
flexibility and selection of function perspectives, and
the numerous mistakes made in algebraic
manipulation and function transformations. The
authors recommended that the teacher preparation
curriculum provide coherent content areas. Tanisli
and Kose (2013) also found that, in general,
preservice teachers had inadequate knowledge
concerning what difficulties and misconceptions
students have about the concepts of variables,
equality, and equations. Caglayan (2013) investigated
preservice teachers' understanding of polynomial
multiplication
and
factorization
and
also
recommended that the teacher education program
provide opportunities for preservice teachers to
develop their quantitative reasoning.
Teachers’ limited understanding of the concepts in
algebra has several negative ramifications. It reduces
the kinds of tasks that teachers select for students to
participate in, narrows and restricts the types of
questions asked, and hinders the process of making
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connections within the curriculum (Haimes, 1996;
Heid, Blume, Zbiek, & Edwards, 1999; Stein, Baxter,
& Leinhardt, 1990; Wilson, 1994). Teachers may
also emphasize the procedural aspects of the equation
solving processes over the conceptual underpinnings
(Attorps, 2003). However, teachers' well-connected
under-standing about algebra is necessary to take a
conceptual approach to the teaching and use
representations in order to help students have
meaningful discussions (Lloyd & Wilson, 1998;
Chazan, 1999, 2000). Teaching a function-based,
technology-intensive algebra curriculum appears to
help a teacher develop new perspectives on equations
and equation solving, but also reveals weak areas in a
teacher’s conceptual under-standing (Chazan, Larriva
& Sandow, 1999; Chazan, Yerushalmy, & Leikin,
2008). Therefore, teachers need to have opportunities
to learn algebra in and for teaching. Such learning
opportunities for teachers are important because
teachers generally do not have a relational
understanding of various representations in algebra
for teaching (Stump, 1999) and teachers cannot fill
the gap between undergraduate courses in algebra
and school algebra (Belfort, Guimaraes, &
Barbastefano, 2001).

DATA AND METHODS
The current study used the assessment of MKT for
algebra I as part of the MET project. 1 This assessment
focused on the mathematics knowledge used in
recognizing, understanding, and responding to the
mathematical problems that teachers encounter as
they teach mathematics. The assessment scores
included both selected-response and constructedresponse questions. To evaluate the appropriateness
of the content of the assessment regarding the
curriculum of South Korea, the original English
version assessment, written by the MET project, and
Korean-translated assessment were provided two
external advisory researchers who have Ph.Ds. in
mathematics education and are fluent in English and
Korean. The reviews suggested excluding items 5, 6a
and 22 in order to have assessment validity, given
that items 5 and 22 are applicable only for English
Language Learners and the content of item 6a is the

FOIL method, which is unfamiliar to Korean teachers. 2
Option d of item 17 also includes FOIL, but it is used
in an operation manner and an understanding of it is
not as crucial as it is in item 6a in giving a correct
response. Thus, the multiplication formula was
substituted for FOIL in this item for the Korean
version. The Korean translation was also reviewed
throughout this external reviews to ensure that the
translation did not result in any changes in the
meanings of the original items. Interviews with the
teachers indicated that most interviewees could not
understand students’ ideas in item 20, and, therefore
that item was excluded in this study for the validity
of the assessment. Because of the negative item-rest
correlation and low Cronbach’s alpha, item 3a, 3b, 6b,
6c and 19 were further excluded for the analysis.
Ultimately, twenty-eight items among the original
thirty-seven were analyzed in this study, consisting
of eleven items about expressions, thirteen about
equations, and four about functions. The final
reliability of these items was 0.68, which is reliable
according to the American Educational Research
Association, American Psychological Association
and National Council on Measurement in Education
(1999).
This study surveyed 137 Korean teachers in
secondary mathematics schools all over the country,
who were recruited via voluntary participation.
Because secondary teachers in South Korea can teach
middle and high school students, there was no
limitation in the eligibility of participation. Among
the participants, 48% were teachers who were
teaching middle school students at that time, and 37%
were male. The teachers' teaching experience varied
from one to 41 years, and its average was almost
eight years. All of them had at least an undergraduate
college degree and had a teacher certification for
secondary mathematics. All teachers were in fulltime positions, which is typical in Korea. The
assessment was administered by the author as an
untimed test, which ranged approximately between
30 and 60 minutes.
In parallel with the collection of the teachers’
responses, the participants were invited to take part in
2

1

Algebra I generally includes linear equations, linear inequalities,
linear functions, exponential equations and functions,
polynomial equations and factoring, quadratic functions,
quadratic Equations, real numbers, and rational equations and
functions, etc.
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FOIL is a mnemonic for the standard method of multiplying two
binomials. The letters FOIL stand for First, Outer, Inner, Last.
First means multiply the terms which occur first in each
binomial. Then Outer means multiply the outermost terms in the
product. Inner means multiply the innermost two terms. Last
means multiply the terms which occur last in each binomial.
Then simplify the products and combine any like terms which
may occur.
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individual interviews to probe their thinking about the
assessment items, and thirteen of them volunteered.
Among these thirteen participants, seven interviewees
taught middle school students, and six interviewees
were female. Their teaching experience varied from one
to twenty-seven years, and its average was almost
eleven years. The interviewees’ scores of the assessment
had descriptive statistics that were similar to all
participants in terms of mean, standard deviation and
range. The interviews helped explore how participants
interpreted the items and their process of reasoning
about them. In general, the interviewees first solved
each item and then were asked retrospective questions
to get information about the solution process (e.g., What
did you get from the item? How did you figure this out?
Why did you do that? Can you tell me what you were
thinking?). All interviews were audio-recorded and
transcribed.
This study reported rates of correct responses for
each item of the assessment because it showed
detailed information about the participants’ response
for each item. For example, 0.5 as a rate of correct
response indicates that one half of the participants
responded correctly to an item. The rates of correct
responses are ranked in order to find items that
Korean teachers found difficult. Because there are
three content areas in the assessment—expressions,
equations, and functions—F-tests were applied for
each content area, respectively. The Pearson
correlation coefficients were also measured between
teachers’ teaching experience and the total rates of
correct responses and between teachers’ teaching
experience and each content area. The interview data
was inductively analyzed by the constant
comparative method (Strauss & Corbin, 2008).
Specifically, while reviewing interviewers’ responses,
I considered what sources and reasoning the
interviewers drew upon in answering each item. I
sorted the interviewers’ responses and sources and
characterized them.

RESULTS
1. Great performance is shown, but it is not all
Rates of correct answers among the participants for
each item are reported in Table 1. The average rate of
correct responses was 0.80 (SD=0.21), which is high.1
However, three items that the participants performed
poorly on, listed in order from the item with the lowest
performance, are 12, 17, and 8. Their rates of correct
responses are respectively 0.138, 0.379, and 0.445.

189

Table 1. Rates of correct answers for MET algebra I
assessment
item
number
1
2
3c
3d
3e
4
7
8
9
10
11a
11b
11c
11d
11e
12
13
14
15a
15b
15c
15d
15e
16
17
18
21
23

The mathematical
topic
equations
expressions
equations
equations
equations
equations
expressions
functions
equations
functions
equations
equations
equations
equations
equations
functions
expressions
expressions
expressions
expressions
expressions
expressions
expressions
equations
functions
expressions
equations
expressions

Rates of correct
responses
0.788
0.948
0.919
0.824
0.927
0.985
0.781
0.445
0.883
0.729
1
0.956
0.948
0.963
0.963
0.138
0.605
0.810
0.941
0.927
0.941
0.846
0.737
0.656
0.379
0.978
0.569
0.912

These items are about function and quadratic
function and its representations—evaluating students’
multiple reasoning about slope, evaluating students’
reasoning about a graph, and evaluating problems
about the shift of quadratic function, respectively.
A one-way between subjects ANOVA was
conducted to compare the rates of correct responses for
items about equations, expressions and functions. There
was a significant difference in them at the p<.05 level
for the three areas [F(2, 408)=297.5, p < 0.001]. Post
hoc comparisons using the Tukey HSD test indicated
that the mean score for functions (M=0.43, SD=0.24)
was significantly different than equations (M=0.88,
SD=0.11) and expressions (M=0.86, SD=0.13),
respectively. However, the rates of correct responses
for equations did not significantly differ from the
rates of correct responses for expressions (p=0.21).
Taken together, the Korean teachers who responded
to the MET assessments were good at equations and
expressions, but not at functions. Furthermore, the
results of the Pearson correlation indicated that there
was no correlation between teaching experience and
overall rates of correct responses [r(136)= –0.375,
Journal of Educational Research in Mathematics
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p<0.001]. Respectively, there was no correlation
between teaching experience and rates of correct
responses for equations [r(136) = –0.262, p<0.05],
between teaching experience and rates of correct
responses for expressions [r(136)= –0.289, p< 0.001],
and between teaching experience and rates of correct
responses for functions [r(136)= –0.301, p<0.001]. In
total, teaching experience was not statistically related
to the level of MKT.

2. Mathematical analysis is critical, but how to
teach is formidable
Three features are prevalent in the interviews with
thirteen teachers. First, mathematical analysis and
decision is important in assessing students’ reasoning
whether or not teachers have experience with the
student’s work. As shown in Figure 1, item 16 shows
a student’s non-standard response about solving a
quadratic equation which has two integer roots. After

determining that the student’s response does not have
any mathematical errors, most interviewees selected
option c or d: slightly under 66% of the teachers for
option c and slightly over 31% for option d. The
interviewees who selected option d emphasized that
all integer roots are real roots and, thus, this option is
more general and clearer than option c. The
interviewees who selected option c felt that this
approach would not work well if roots are not
integers, as indicated in such comments as, “This
way is not good if roots are fractions,” and “If the
root is (3+√2)/2…” Real roots included in option d
led to the teachers who selected option c both
removing option d in their decision-making process
and validating option c as the more reasonable
assessment. In assessing student‘s unusual reasoning
provided in item 16, the interviewees focused on the
meanings of an integer root and real root in the
student’s reasoning, and the other interviewees

Figure 1. Items 13 and 16 in the MET algebra I assessment (Phelps et al., 2014, p.82 & 84)
2020, Special Issue
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started to probe the student’s reasoning and then
evaluate it among the various ways of solving
quadratic equations. The mathematical sensitivity of
the terms also helped the teachers’ decisions.
Item 13 also includes the student’s non-standard
reasoning about simplifying an expression and asks
teachers to assess it like item 16, as shown in Figure 1.
The student’s reasoning arrives at the mathematically
correct answer, and there is no mathematical error.
The reasoning involves changing natural numbers
into mixed numbers in the process of simplifying
expressions, which made this student’s work a nonstandard solution. Mathematical analysis about
evaluating student’s reasoning in this case was
elusive and difficult. For option a, some interviewees
agreed with “The student knows how to simplify
expressions very well” because the student got a
correct response. Some interviewees, however,
disagreed with it, such as “It would be incorrect to
conclude that he does not know how to simplify
expressions. But it is hard to determine that he knows
it very well. It is pretty inefficient to change 2 into 1
6/6.” Some interviewees agreed with “strategic use of
standard procedures” because, again, the student got
a correct answer. Some interviewees disagreed it and
evaluated his solution as non-standard and nonstrategic reasoning. For option b, some interviewees
agreed with the statement that “the student shows
good computational skill” because there is no
computational error. However, some interviewees
disagreed because changing natural numbers into
mixed numbers cannot confirm that the student has
enough capability to simplify expressions. Even the
interviewees who selected the other options agreed
that “the student does not use processes efficiently.”
For option c, some interviewees agreed with the
statement that “the student should write all steps,”
but some interviewees concluded that the student did
not have to write down all steps. Some interviewees
also commented that the student sometimes wrote
down useless steps. The interviewee who selected
option d said “To add fractions, I generally teach
students to change all fractions into improper
fractions, reduce them to a common denominator,
and then add them. So, changing 1 into the mixed
number in this solution looks unusual … I would
teach the formal procedure to this student.” Some
teachers stated that the steps do not have to be a
formal procedure.
Unlike item 16, each option of item 13 does not
require a detailed understanding about mathematical
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language nor advanced mathematics. Furthermore,
the interviewees often said they have not seen this
kind of student’s reasoning in simplifying
expressions. Interviewees’ responses, for example,
included the following: “This reasoning is not typical
in my lesson.” “Is it (this reasoning) typical in Korea?
I have no idea about it in other countries, though.”
and “Changing the mixed number is more difficult
than using improper fractions.” Even the teachers
who selected the correct answer were not confident
about their decisions in the interviews, unlike the
case with other items, and spoke about the difficulties
reaching decisions for this item. In fact, this item
describes a situation where the student got the correct
answer, but the reasoning used was not
mathematically efficient. Evaluating the student’s
reasoning in such a situation requires mathematical
analysis and decision. Teaching experience could be
useless if teachers have not carefully analyzed and
assessed this situation. The use of detailed language
to specify features of a student’s reasoning is also
relevant in this item. Because there is no
computational error in any of the steps, this reasoning
proves the student’s good computational capability.
However, the steps are not efficient, and, thus, it is
hard to say “this student knows how to simplify
expressions very well.” Thoughtful detailed
observation and mathematical assessment of the
student’s reasoning is imperative in this item.
Second, how to teach is a formidable force in
evaluating students’ reasoning. In the interviews for
item 12, which is shown in Figure 2, most teachers
were aware of students’ typical irrational reasoning
of drawing line segments for a curved graph. One
interviewee said, for example, “when students draw a
graph, they connect points by drawing line segments
because they do not understand the graph should be a
curve,” Another interviewee said that “many students
draw the graph like this at the first time,” and one
other stated that “middle school students often draw
line segments between points.” And then, to evaluate
student explanations, the interviewees, particularly
those who selected option d, depended on how they
teach students drawing y=1/x. “The problem is that
they don’t have enough points,” said one interviewee,
for example, “They need to include more points to
make it look correct. … I teach it in this way.” In fact,
this option includes interpolation—the computation of
points or values between ones that are known or
tabulated using the surrounding points or values. No
teachers who selected this option mentioned or justified
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why interpolation works well mathematically as a base
principle. However, interpolation does not justify
making line segments to draw the graph because the line
segment is still drawn between two points. Even if more
points make the graph of 1/x look correct, it is not
correct. The four interviewees thought about being
differentiable if derivative of a function exists at a point,
and focused on the terminology that students can use or
say in the provided situation. They concentrated on
what is mathematically founded and what level of
understanding students would have in the item. They
also mentioned that they offer such comments in their
teaching, but they did not depend on their teaching
method for their decisions for this item.
It is challenging to understand and interpret students’
talk because it sometimes includes unnecessary comments,
unclear reasoning and may be incomplete. Therefore,
teachers need to seize what is a mathematical point in
student’s talk and then evaluate his or her reasoning. This
recognition requires epistemological insight and awareness

concerning teaching practices. In the interview data for
item 17, which is shown in Figure 2, the teachers who paid
attention to the final sentence in option c, (“We are looking
to see what x -values we have to put in (x-3)2 to make the
outputs the same as in x2”) and elaborated it
mathematically reached a correct answer. However, the
interviewees who focused instead on the first two sentences
in option c, (“We decided to look at the roots of y=x2 and
y=(x-3)2. The vertex of y=(x-3)2 is (3,0), and the vertex of
y=x2 is (0,0)”) determined that these two sentences are
inappropriate and then did not try to analyze the last
sentence or did not seem to understand it. Features of
students’ talk in the mathematics classroom are very
different from features of rigorous mathematical arguments
which unequivocally demonstrate the truth of a given
proposition. Because students are involved in the pursuit of
learning mathematics, their representations and reasoning
could be mathematically flawed, imperfect, inaccurate, or
partial. Thus, ways of evaluating or selecting students'
comments should be different from one of the

Figure 2. Items number 12 and 17 in the MET algebra I assessment (Phelps et al., 2014, p.82 & 84)
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mathematician's comments.
The interviewees often depended on how they
themselves taught that content in order to evaluate
students’ reasoning. For example, some of the teachers
said “this approach can show diverse cases” for option a
in item 17, and “Um… I always use such a way in my
class” for option b. They selected their responses based
on their teaching experience and then explained why the
others are not appropriate. Unlike the teachers who tried
to investigate the mathematical points of the provided
situation, the teachers who are dependent on their
teaching methods are not to focus their attention on the
students’ reasoning shown in each option. Teachers’
teaching methods are based on their own mathematical
decisions. However, some teachers in the interviews
appeared to have difficulty mathematically uncovering
why they teach mathematics in the particular way they
do. In other words, adherence to one particular teaching
method, which is mathematically vulnerable, hinders
teachers’ analysis and evaluation students’ reasoning.
Through an investigation on the teaching methods
which are often followed, specialized opportunities
should be offered to teachers to explore mathematics
precisely and pedagogically.
The third key feature in the teacher interviews is that
having a relational understanding regarding the span of
mathematics is critical in the context of teaching. For
example, the number line is the most popular
representation to demonstrate number and operation. The
number line is based on the density of rational and
irrational numbers. While such knowledge is not exactly
used to explain -2.5 + 3 on the number line to middle
school students, all rational and irrational numbers are on
the number line. Such knowledge is referred to as
horizon content knowledge, which is one of the domains
for MKT. Horizon knowledge is “an awareness of how
mathematical topics are related over the span of
mathematics included in the curriculum” (Ball, et al.,
2008, p.403). The interviews about item 9 and item 10,
which are shown in Figure 3, illustrate the role of
horizon content knowledge in the context of teaching.
These two items are about evaluating student reasoning.
Item 10 uses a geoboard as a manipulative that students
used. Geoboards are not popular in secondary
mathematics classrooms in South Korea, and all teachers
who were interviewees in this study had no experience
using them in their teaching. However, all interviewees
recognized that a geoboard is a manipulative which is
similar to either whole number points on the coordinate
plane or the coordinate plane shown in the GeoGebra
software. Moreover, options of item 10 involve the
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mathematics that students will learn later, such as
interpretation of the derivative, density of numbers on
the real line, and the parallel postulate. Without an
understanding of each option, it is hard to respond to the
item, and, therefore, item 10 requires evaluating students'
discussion according to these mathematics concepts.
Except for one interviewee, all interviewees could
clearly explain what each option means and demonstrate
which option is related to the students' reasoning. As
shown in Table 1, the rate of correct responses for this
item is 0.742, which is fairly high.
Having horizon content knowledge also helps the
teachers select their answers to the item. Option d in
item 9, shown in Figure 3, contains “calculus.” This
item involves a student’s non-standard reasoning,
which is often hard for teachers to analyze and
evaluate. However, the interviewees used calculus to
exclude option d. Most interviewees reco-gnized that
the student’s reasoning is mathe-matically correct
and, thus, only two options were left to determine the
correctness. Then, because the response is not
obviously related to calculus, the teachers selected
the other option, which is the correct answer. The
rate of correct responses for this item of the teachers
is 0.883, which is very high, as shown in Table 1.
Thus, having horizon content knowledge plays a
critical role in making mathematical and pedagogical
decisions for the context of teaching. The
interviewees have a good understanding of those
mathematical concepts that are more advanced,
generally learned in high school or college, and are
connected to one another.

DISCUSSION AND CONCLUSION
This study aims to probe Korean teachers’ MKT
about algebraic reasoning. The study analyzed the
data from 137 teachers’ responses to the assessment
of MKT for teaching algebra I developed by the
MET project and the data from thirteen teachers’
interviews. The teachers generally performed well on
the assessment, but were relatively lacking in MKT
related to function. Also, teaching experience is not
statistically related to the level of MKT. Furthermore,
mathe-matical analysis is significant in assessing
students’ reasoning, and each teacher’s typical
teaching method powerfully influences the teacher’s
evaluation of students’ reasoning. Having horizon
content knowledge is a critical component in making
decisions in the context of teaching.
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Figure 3. Items 9 and 10 in the MET algebra I assessment (Phelps et al., 2014, p.80)
Based on these findings, the current study suggests
that professional development should provide
teachers with opportunities to mathematically
investigate their experiences in instruction, such as
their teaching methods or monitoring students’ work,
and examine their relevance. In the interviews, the
teachers often depended on their own teaching
experiences in order to analyze mathematical topics
and students’ work and explanations provided in each
item and then make decisions. Such experiences, in
fact, do not appropriate decisions. For example, the
interviewees spoke about the difficulties reaching
decisions for item 13 because they have not observed
this kind of non-standard response, but most
interviewees’ responses to item 12 mentioned their
experiences moni-toring students’ line segments.
Paradoxically, their experiences were not ultimately
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helpful. The rates of correct responses for item 12
and item 13 are 0.138 and 0.605, respectively, as
shown in Table 1. Furthermore, teachers’ teaching
methods frequently operate as the standard for the
judgment. Some interviews with item 12 and item 17
show the nature of the teachers’ logic, such as the
very brief explanation of one teacher that “because I
teach it this way, this student’s way is appropriate.”
Although item 16 and the interviewers did not ask
interviewees how to teach a quadratic equation, some
interviewees spontaneously spoke about how they
teach it and used that reference as a criterion to make
decisions for this item. This issue of teachers’
experience was address by Tirosh, Even and
Robinson (1998), which was mentioned in the
literature review section. They compared preservice
teachers and inservice teachers about their
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understanding of students’ conceptions about
expressions and reported that inservice teachers’
understanding was better than that of preservice
teachers. However, the current study suggests that
inservice teachers do not always make appropriate
determinations. Postelnicu (2011) also reported
inservice teachers’ recognition of students’
difficulties and work. Yet the current study shows
that although teachers have such recognition, it does
not necessarily lead to appropriate decisions in the
context of teaching mathematics.
Experience is a way to have and accumulate
knowledge or skill, but the findings of this study
show that experience, teachers’ typical teaching
methods more specifically, can actually be an
obstacle in making relevant decisions in the
mathematics
teaching
situations.
Therefore,
professional development needs to uncover typical
teaching methods adhered to by teachers and probe
whether they are mathematically profound and
reasonable. The interviews with teachers about item
12 show that there are teachers who teach how to
draw a graph with adding more points, and the
teacher interviews about item 17 show that some
teachers use examples which are not important to
capture meanings or understanding of mathematics.
Such empirical probes would offer learning
opportunities about mathematical knowledge,
teachers’ practice and students’ learning that
McCrory and her colleagues (2012) explored.
Furthermore, this probe can help teachers reconsider
their current practices and examine others as well to
learn more about both mathematics and the students
they teach, as Ball and Cohen (1999) suggested. In
other words, professional development needs to teach
MKT as connected and continuous reasoning rather
than as separate and fragmented reasoning. Because
teaching is constant and spontaneous, reasoning in
the context of teaching mathematics should not be
taught separately. Teachers also need to have more
learning opportunities to interpret and evaluate
students’ different mathematical explanations and
make decisions on what to do in such teaching
situations. In terms of offering opportunities to learn
to teach mathematics, teacher education in South
Korea provides more education on the understanding
of theories and philosophy about mathematics
education rather than improving MKT (Kim, 2014).
There are several teacher education programs and
assessments which focus on skills and knowledge
that teachers need in teaching situations, such as
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edTPA (Sato, 2014), annotated lesson plans (Hiebert
& Morris, 2012), or teacher education programs
focused on high-leverage practices (Ball, Sleep,
Boerst & Bass, 2009).
One further point to examine their experiences in
instruction is mathematical analysis. Korean teachers
have higher advanced mathematical knowledge (Zazkis
& Leikin, 2010). Moreover, the current study’s findings
from the teacher interviews on items 9 and 10, reports
that having an intense and fundamental understanding
of the span of the mathematics is critically important in
the context of teaching. The rates of correct responses
for items 9 and 10 are, respectively, 0.883 and 0.729, as
shown in Table 1, which are quite high. However, the
interviews with item 13 and 16 show a predicament of
mathematical analysis of students’ work. The interviews
with item 13 indicate the difficulties of identifying what
makes student’s work non-standard and evaluating it
appropriately. The interviews with item 16 illustrate the
importance of both having sensitivity about
mathematical terminology and considering various
approaches simultaneously and synthetically to evaluate
one of them. In other words, teachers need to have more
learning opportunities to interpret and evaluate students’
mathematical explanations, as Stump (1999), Asquith,
Stephens, Knuth & Alibali (2007), and Lynch and Star
(2014) claimed. Furthermore, because this research
found that the teachers are relatively weak in functions
in the assessment, professional development in South
Korea needs to offer more opportunities for teachers to
explore and learn functions concerning MKT, primarily
flexibility in representations of function and relations
between the shift of function and the trans-formation of
algebraic representation.
The current study contributes to identifying what
needs to be focused on in the curriculum to teach
MKT to Korean secondary teachers. Developing a
curriculum with practical resources and insight to
enact it would be the next step to support Korean
secondary teachers in order to support Korean
secondary teachers’ acquisition of mathematical and
pedagogical reasoning that works appro-priately in
teaching algebra.

Endnotes
There was a significant difference in the rates of
Korean teachers’ correct answers for all items
(M=0.80, SD=0.21) and those of U.S. teachers
(M=0.60, SD=0.25); t(28)=3.25, p=0.001. Analysis of
the rates of correct answers for U.S. teachers are
based on the data from Phelps et al. (2014).
Journal of Educational Research in Mathematics
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